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Q\ We outline the covariant nature of the chaos characterizing the generic cosmological 

f**^ , solution near the initial singularity. Our analysis is based on a "gauge" independent 

ADM-reduction of the dynamics to the physical degrees of freedom, and shows that the 
f— *^ ' dynamics is isomorphic point by point in space to a billiard on a Lobachevsky plane. The 

Jacobi metric associated to the geodesic flow is constructed and a non-zero Lyapunov 
, exponent is explicitly calculated. The chaos covariance emerges from the independence 

of the form of the lapse function and the shift vector. 

In recent years, the chaoticity of the homogeneous Mixmaster model has been 
widely studied in the literature (see 1-4 ) in view of understanding the features of its 



X 



5— I . 

(3JT), covariant nature. Two convincing arguments, appeared in, 1 ' 4 support the idea that 

the Mixmaster chaos (described by the invariant measure introduced in 3 ' 5 ) remains 
valid in any system of coordinates. 

The main issue of the present work is to show that the property of space-time co- 
variance can be extended to the inhomogeneous Mixmaster model. 
A generic cosmological solution is represented by a gravitational field having avail- 
able all its degrees of freedom and, therefore, allowing to specify a generic Cauchy 
problem. In the Arnowitt-Deser-Misner (ADM) formalism, the metric tensor corre- 
sponding to such a generic model takes the form 

dT 2 = N 2 dt 2 - lafi {dx a + N a dt)(dx p + N p dt) (1) 

where N and N a denote (respectively) the lapse function and the shift-vector, ^ a p 
the 3-metric tensor of the spatial hyper-surfaces £ 3 for which t = const, being 6 

l a = e^5 ad O a b O d c d a y b dpy c a, b, c, d, a, f3 = 1, 2, 3; (2) 

q a = q a (x,t) and y b = y b (x,t) are six scalar functions, and 0% — 0£(x) a 5*0(3) 
matrix. By the metric tensor j2]), the action for the gravitational field is 

S = [ dtd 3 x ( Pa d t q a + U d d t y d -NH- N a H a ) , (3) 
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^ = 4[E^) 2 -^E^) 2 -^ (3)i? ] 

V ' ra h 



(4) 



H a = Tl c d a y c + Pa d a q a + 2 Pa (0-"f a d a Oi 



(5) 



in (j4|) and p a and lid are the conjugate momenta to the variables q a and y b re- 
spectively, and the ( 3 >R is the Ricci 3-scalar which plays the role of a potential term. 
We use the Hamiltonian constraints H = H a = to reduce the dynamics to the 
physical degrees of freedom; the super-momentum constraints can be diagonalized 
and explicitly solved by choosing the function y a as special coordinates: 
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dO a c 
~dy b ~ 



(6) 



S= f d V d 3 y ( Pa d v q a + 2 Pa (0- 1 ) c a d v O a c - NH) 

JE< 3 > xSR 



(7) 



The potential term appearing in the super-Hamiltonian behaves as an infinite po- 
tential wall as the determinant of the 3-metric goes to zero, and we can model it as 
follows 



U = N /7 (3) i? = ^6(Q a ) 



Q(x) = 







-co if x < 0, 
if x > 0. 



(8) 



where the Q a 's are called anisotropy parameters. By ([5]) the Universe dynamics 
evolves independently in each space point and the point-Universe can move within 
a dynamically-closed domain Tq only 6 (see figure (JTJ). Since in Tq the potential U 
asymptotically vanishes, near the singularity we have dp a /drj = 0; then the term 
2p a {0~ 1 ) c a d ri Oc in (JT]) behaves as an exact time-derivative that can be ruled out of 
the variational principle. 

The ADM reduction is completed by introducing the so-called Misner-Chitre like 
(t, £, 9) variables, 1 in terms of which the anisotropy parameters Q a become r in- 
dependent: When expressed in terms of such variables the super-Hamiltonian con- 



Qi = \~ ^ 1 (cos 9 + V3 sin t 

o oil 



h = \~ ^7 - (cosfl- V3sin^) (9) 




Fig. 1. T Q {Z,0) 
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straint can be solved in the domain Tq according to the ADM prescription: 



-Pr^e=^{e-l)vl + f jL - l (10) 

SSr Q = S J dr]d 3 y(p^ + Pe d n 6 - ed v r) = . (11) 

By virtue of the asymptotic limit ([5]) and the Hamilton equations associated with 
(fTTj) it follows that e is a constant of motion, i.e. de/drj = de/drj = e = E(y a ); 
furthermore ed^T behaves as an exact time derivative. 

This dynamical scheme allows us to construct the Jacobi metric corresponding to 
the dynamical flow, and the line element reads 

ds 2 = E 2 (y") (jj^^ + (i 2 l)^ 2 ) • (12) 

Here the space coordinates behaves like external parameters since the evolution is 
spatially uncorrelated. The Ricci scalar takes the value R = —2/E 2 , so that (jl2[) 
describes a two-dimensional Lobachevsky space; the role of the potential wall © 
consists of cutting a closed domain Tq on such a negative curved surface. 
In this scheme the Lyapunov exponent associated to the geodesic deviation along 
the direction orthonormal to the geodesic 4- velocity can be evaluated, and it results 
to be equal to 

A(y a ) = -i->0. (13) 

Hence the chaotic behavior of the inhomogeneous Mixmaster model can be described 
in a generic gauge {i.e. without assigning the form of the lapse function and of the 
shift vector) as soon as Misner-Chitre like variables are adopted. The value (fT3"|) is 
a positive definite function of the space point, making this calculation extendible 
point by point to the whole space. 
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